The Additivity of Individual Phase

Resistances in Mass Transfer Operations

A basic tool for the design and analysis of interphase
mass transfer processes has been the concept of the ad-
ditivity of individual phase resistances, originally derived
from two-flm theory:

1 1 + H 1)
Kea k'ca = k'ra

The asterisks indicate that the individual phase coefficients
employed are those measured in the absence or suppres-
sion of resistance in the other phase.” Thus correlations
exist for both liquid- and gas-phase resistances in various
types of distillation and absorption equipment, and for
design they are commonly combined in accordance with
Equation (1), (I, 13). It is the purpose of this paper to
point out the conditions necessary for Equation (1) to
hold true and in view of these criteria to assess the devia-
tions from Equation (1) which can be expected in various
situations. Consideration is limited to low net fluxes of
mass.

In gas-liquid mass transfer the individual phase coeffi-
cients are defined in terms of the fluxes and driving forces
as follows:

N4 '
kG’:.—A.—_ (2)

pc — pi

N4’
ki = ———— 3
L Ci—CtL (8)

The primed values indicate that the relation applies at
any given point of the gas-liquid interface. The overall gas
phase coeflicient is similarly defined in terms of the over-
all driving force:

—— NA’
"~ pc— pEL

If p = HC + b defines the equilibrium relation for the
solute in the gas and liquid phases, then Equation (3)
may be transformed to

K¢’ (4)

pi— pEL
Combination of Equations (2), (4), and (5) gives
1 1 H
= + (6)

K¢’ ko' ke

which results solely from the definition of the three local
coefficients.
Equation (6) will hold true if two conditions are met:

1. H must be a constant, or if it is not, the value of the
equilibrium line slope at the properly defined value of C
must be employed.

2. There must be no significant resistance present other
than those represented by ki’ and k¢’; for example pi must
be in equilibrium with Ci.

“ For convenience the discussion will be conducted in the ter-
minology of gas-liquid mass transfer; however there is a logical exten-
sion to liquid-liquid systems.
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In order for the extension of Equation (6) to the form
of Equation (1) to be valid when an entire region of inter-
face is considered, additional conditions must be met:

3. The hydrodynamic conditions (interfacial area, etc.)
for the case in which the resistances are to be combined
must be the same as for the measurements of the indi-
vidual phase resistances.

4. The mass transfer resistances of the two phases must
not interact; that is the magnitude of ki’ at any point must
be independent of the relative magnitude of k¢’, and vice
versa.

5. The ratio Hke'/ki’ must be constant at all points of
interface.

The first three of the above conditions have been ap-
preciated for some time, and for that reason they will not
be considered further. The last two conditions have usually
not been stressed or even acknowledged to any extent in
mass transfer texts; yet it will be shown that both of these
factors are of major importance.

The reason for the fourth condition is apparent; the
reason for the fifth is probably less obvious but may be
demonstrated as follows:

If k' and k&' vary locally over a given interface for
which the bulk gas and liquid concentrations at a distance
well removed from the interface are each constant, the
apparent or average liquid-phase coefficient in the absence
or suppression of gas-phase resistance will be given by

ko= § § kv da M
Similarly

k'ca = faf k¢ da (8)

and

Kea = | f &' o (9)

In view of Equation (6), and if the fourth condition holds
true, Equation (9) becomes

Kca = J‘a_f T H da I (10)

e ar
ke ke
The value of Kca predicted by the two-film relationship,
Equation (1), will be denoted as Kera and may be ob-
tained from Equations (1), (7), and (8):

1
Kgra = (11)

1 4 H
f f ke' da f f ki' da
a a
Kca from Equation (10) and Kera from Equation (11)
are identical if and only if Hk¢'/kr' is a constant at all
points of interface. In that event Equation (11) becomes
1

- 12
Kera (Hkc' /kz) (12)

1
[ i §§
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Fig. 1. Electrical resistance analogues for a case where local mass
transfer coefficients have different values in two regions of interface.

which can be put in the same form as Equation (10). If
Hke'/ky’ is not a constant at all points, then Equation
(11) is not equivalent to Equation (10), and K¢ra is dif-
ferent from Kga.*

This point may also be appreciated through considera-
tion of an electrical analogy. In Figure la the resistances
associated with two different regions of interface are de-
picted. Subscripts 1 and 2 represent the two regions, and
it is presumed that values of ki’ and k¢’ are constant
within each region separately. The bulk gas and liquid
concentrations are constant; hence there is a constant po-
tential drop (Vo analogous to pe — prr) across both sets
of resistances in series. The net resistances of the two
regions of surface act in parallel. This is the behavior
expressed by Equation (10).

On the other hand if the procedure of the two-film
model is followed for combining resistances, the situation
presented in Figure 1b results. Equations (1) and (11)
consider the net liquid-phase resistance to be in series
with the net gas-phase resistance. Thus there is a common
point at the interface in the electrical analogy of two-film
theory which is not present in the analogy for the real
case. There will be an additional flow of current (or flux
of mass) through this effective short circuit unless the
potentials at the interface are the same in Figure la for
each region. This will only be the case if Hkc1/kz1 is equal
to Hkez/kr2; otherwise the net resistance in Figure 1b
will be less than that in Figure le because of the short-
circuit. This fact leads to the important general conclusion
that the effect of a variation of Hke'/ki’ from one point of
interface to another will be to make the true Kea less than
the Kera predicted from Equation (1). This does not
present a conservative basis for design.

SINGLE LIQUID-PHASE EXPOSURE

In any realistic mass transfer device there will be local
variations in k¢’ and ki’ from point to point of interface.
Such behavior is predicted both by the penetration or
surface renewal theories and by boundary-layer theory.
As a simple case for consideration it is instructive to take
a single liquid-phase exposure undergoing unsteady state
molecular diffusion and accompanied by a constant gas-
phase resistance such as would be predicted by film theory
for the gas-phase.

The appropriate differential equation for the liquid
phase is

ot y?

# Strictly speaking, the requirement is that ke’/kr’ be constant at
all points, since H has already been assumed constant. H is includ
to preserve nondimensionality.
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with boundary conditions
(a) C=CL
(b) C=C.

aty>0,¢t=0
at y—> 0, t>0

(c) —D(%g—-) = Hka(Crc—Ci) at y=0,t>0
’ (14)

The solution for the corresponding heat conduction case
has been presented by Carslaw and Jaeger (2) and has
been extended to the mass transfer case by Emmert (6)
and by Perlmutter (12). The change in bulk gas concen-
tration if there is countercurrent flow has been considered
by Salvetti and Trevessoi (15) and by Lightfoot (10).

The local coefficient of mass transfer and the interfacial
concentration along the interface are given by the follow-
ing expression:

K¢ Ci—Cke ( HZ2ke2t ) ( Hke \/?)
= —_— exp eI‘fC ————
ke Cr— Cge D D
(15)

This solution may be employed to express the deviation
of the true overall mass transfer coeflicient, averaged over
the contacting interval, from the value predicted by Equa-
tion (1):

Kea . x(1 + R)

Kcra 4R?
2R 4R
[exp (4R?/%) erfc ——1 4+ — ] (16)
Ve -

R represents the group Hkc*/kr*, the ratio of the average
coefficients measured independently. This result is shown
graphically in Figure 2, where it is seen that the deviation
from the overall mass transfer coefficient predicted by
two-film theory is always positive but never greater than
5%.

This close agreement is however the result of two com-
pensating effects. If k' were unchanged locally by the
presence of the gas-phase resistance, the average overall
coefficient could be derived through Equation (10), and
the result would be

KGa . 1 d(t/e)

e = (1+ R) J; ﬁ‘W (17)
or

Kea _A+R) op_m(1+2R)] (18)

Kcra 2R2

Kca is always less than Kera if Equation (18) is followed,
the negative deviation being in accord with the above con-
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Fig. 2. Deviation from Equation (1) for liquid penetration and stag-
nant no holdup gas film, plot of Equation (16).
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clusion regarding the effects of a distribution in values of

Hke'/ki'. The maximum negative deviation would be
10.49%.

On the other hand the true local liquid-phase coefficient

defined by Equation (8) can be obtained from Equations
(4) and (15)

k' _ Resp (4 R%/x6) erfc (2 R\/t/\/n0)
k' 1—exp (4 R%/nf)erfc (2 R\/t/\/x0)

(19)

and is plotted in Figure 3 with R as a parameter. The
local liquid-phase coefficient is raised hecause of the
presence of a gas-phase resistance by an amount which
more than offsets the effect of the variation of Hk¢'/ki' in
lowering the overall coefficient. Violation of the fourth
condition in this instance overcompensates for the effect
of violation of the fifth condition. An examination of
Equations (13) and (14) reveals that an interaction of
the individual phase resistances was to be expected, since
ke enters into the third boundary condition used for de-
termining the liquid-phase behavior.

Numerical solutions have been carried out by the au-
thor (9) for two simplified models representing a single
exposure between two fluid phases in countercurrent flow.
Transient behavior is considered for both phases rather
than for only one phase as was the case in the foregoing
example. Plots similar to Figure 2 are obtained, with the
deviations from Equation (1) being positive and reaching
a maximum of 209.

For the case of concurrent flow of gas and liquid and a
developing laminar gas-phase boundary layer the solution
of Potter (14) may be interpreted to show that Equation
(1) would be exactly obeyed for a given exposure. Exact
agreement is also shown by the solution of Marshall and
Pigford (11), which represents transient contact of two
phases near a stationary interface, This latter solution may
also be applied to a concurrent flow situation with a simple
penetration model obeyed by each phase. In these schemes
it should be noted that both individual phase coefficients
vary inherently with the —% power of age or distance
along the interface; thus Hke'/kr' is constant. The inter-
facial concentration is therefore constant, and the mathe-
matical solution for the mass transfer in either phase is
the same as for when that phase is considered alone in
the absence of resistance in the other phase. Thus in
these two cases both the fourth and fifth conditions are
satisfied.

The possibility of a mismatch in surface renewal inter-
vals has been considered by Szekely (18), who presents
a solution for the case where two phases are in contact at
a stationary interface with the surface renewal rate for
phase 1 being twice the rate prevailing for phase 2. This
model also applies to concurrent flow of two phases obey-
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Fig. 3. Local voriation of ki’ for liquid penetration and stagnant
no holdup gas film,
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ing a simple penetration model, with the flow of phase 1
being interrupted by a surface renewal midway along
the exposure interval. Szekely’s solution may readily be
converted to the form

Kca _(1+R 1
Kera +R) ——'—R_'—
1+ —
V2
1 _( 2—+/2 ) (20)
By 2 2
V2 R

which varies from 0.96 to 1.01.

DISTRIBUTION OF LIQUID SURFACE LIFETIMES

For the cases which have been solved it appears that
Equation (1) is obeyed to a remarkably close extent
during a single liquid exposure following a penetration
model. On the other hand in any large-scale apparatus
which provides mass transfer through successive penetra-
tions and liquid surface renewals there will be a distribu-
tion of liquid surface lifetimes within the apparatus. This
distribution will result in a variation of the ratio Hk"ca/
k*La between surface areas where the liquid is engaged in
reaching different lifetimes. Thus even though Equation
(1) is closely obeyed for a liquid surface reaching a given
single lifetime, there could still be marked deviations from
Equation (1) when all surface lifetimes are considered
together. A variation in k¢ from point to point of interface
will have a similar complicating effect.

If the liquid surface lifetime distribution is denoted by
a frequency factor (i) d;, giving the fraction of the
total surface area® that is engaged in reaching a lifetime
¢i, and kg is taken to be a constant, Equation (10) may
be applied as follows:

Kca-:af
0

Suwp (6:) dbi
1 + H \/ i
ke 2 D

8i is the value of Kea/Kgra for the surface reaching a
lifetime @i. 8 may be taken from Figure 2, or it can be
taken as always equal to 1.0 in order to simplify the inte-
gration.

Figure 4 shows three liquid surface lifetime distribu-
tions which have been suggested as models for large-scale
equipment; two other distributions are also offered for
comparison. The coordinates have been made dimension-
less in the manner suggested by Danckwerts et al. (4).

The Higbie model postulates that all liquid surfaces are
engaged in reaching the same lifetime. If a constant ke
is applied to the gas phase, Kee/Kera is given by Equa-
tion (18) and Figure 2. There is a positive deviation from
Equation (1), but it is always less than 5%.

The Danckwerts random surface renewal model pictures
a constant rate of surface renewal, independent of the
age of the surface. For the case where k¢ is constant at
all points of gasliquid interface Danckwerts (3) has
shown that Equation (1) is obeyed exactly. The effect of
the distribution of swface lifetimes in lowering (Kea/
Kcra) exactly offsets the positive deviations of Figure 2.

Davidson (5) has suggested three lifetime distribution
models for the liquid phase in packed towers. The first, or
vertical surfaces, model is akin to the Higbie constant life-
time case. The second, or random angle, model is repre-
sented in Figure 4, where it may be noted that the distri-

(21)

8 A clear distinction should be drawn hetween this form of fre-
quency factor and either the fraction of the total surface with an a%e
ti (3,4) or the fraction of total exposures reaching a lifetime 8: (12).

Page 673



bution resembles the constant lifetime model. Davidson’s
third model, random angles and random lengths, has been
shown by Danckwerts et al. (4) to be similar to the
Danckwerts random surface renewal distribution. Thus it
is to be expected that all three of Davidson’s models, when
coupled with a constant ke, will give close agreement
with Equation (1), probably within 5%.

Also shown in Figure 4 is a triangular distribution, cor-
responding to equal probabilities of any lifetime during
every exposure, from zero up to a certain maximum life-
time. This situation corresponds to a vertical surface,
random length packed tower model of the Davidson type.
If it is assumed that & = 1 and that the average ke per
exposure is uniform, then Equation (21) in combination

with Equation (1) reduces to
(&) ¢(7)
YalZ
Ou Gu

Kca fl
—9(1+R 9
Kera 2(1+R) 0 14 4R (0)1/2 (22)
3 \%,
or
Kea _ 1+R [1__9_+
Kora R SR
27 81 4R
L))
ore e\ T3 (23)

which is always less than 1.00, but never by more than
29.

Yet another surface lifetime distribution worth consid-
eration is the block distribution of Figure 4, denoting an
equal probability that any element of liquid surface is en-
gaged in reaching any lifetime between zero and a given
upper limit. If again 8 is taken as 1.00 and the average
ke per exposure is uniform, Equation (21) and Equation

(1) yield
9
al Z
l(i";:(l+3) fo‘_(eu_>_ (24)

1/2
Ker 1+ 2R (-;-)
Kea 1+R
= T [9R—In (1 + 2R 18
Kera 2R2 [ 1+ '] (18)

Kca is less than Kcra, but never by more than 10.4%.

The above liquid surface lifetime distribution models
all afford surprisingly close agreement with Equation (1).
It is also apparent that a wider distribution gives a more
negative deviation, the maximum effect occurring for the
block distribution. The deviation from Equation (1) can
be made still greater however by considering a binodal, or
dumbell distribution of surface lifetimes.

[ —— (D HIGBIE, SINGLE LIFETIME
—— (2 DANCKWERTS; RANDOM RENEWAL
—--= (3 "BLOCK", EQUAL PROBABILITY OF LIFETIMES
2 PER UNIT AREA
H' —.— @ RANDOM LENGTH; EQUAL PROBABILITY
O OF LIFETIMES PER EXPOSURE
—.—(5) DAVIDSON; RANDQM ANGLE-PACKED TOWER
ovie) | ) ® "
%2 it
KL | t
] i
| Lo
: |'. ,//‘/@
=
o 7‘“i'|‘"“‘ ‘;_'\‘" """ i
0 | 2 3 42 4 5 6 7
Ko
D
Fig. 4. Liquid surface lifetime distribution models.
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Fig. 5. Deviation from two-film addition with two-lifetime model,
plot of Equation (28) for f = 0.5.

Two-Surface Lifetime Model

The simplest form of binodal distribution occurs for a
model which pictures the liquid surface as being composed
entirely of elements reaching either of two lifetimes. Such
a distribution would correspond to two vertical lines on
Figure 4. A fraction of the surface f is engaged in reach-
ing the shorter lifetime #1, and the remainder 1 — f is
engaged in reaching @:. The ratio of average liquid-phase
mass transfer coefficients of the two regions k*ri/k*ra
(= \/82/61) is denoted by X.

If it is assumed that Equation (1)is obeyed exactly for
the surface of each lifetime and k¢ is uniform, then it fol-
lows that

Kea = f Keiar + (1 —f) Keaaz (25)
and
Hke* Hk
R=——= T (26)
t k'Lt ( f+ )
A
Since ke¢/Ker = 1 + R, Equation (25) becomes
Kca f 1—f
= 7
Kgra (1+R) Hke + Hke (27)
I4+ee— 14"
k™1 kL2
Combining Equations (26) and (27) one gets
K
“ . (1+R) / +
Kera 1—f
1+ (f + —-———) R
A
e (28)

1+ (f+1—f)R

Figure 5 depicts Equation (28) for the case where f =
0.50, that is where half the liquid surface is engaged in
reaching either lifetime. The case of A = oo corresponds
to half the liquid surface being totally inactive for any-
thing except a process such as vaporization where there
can be no liquid-phase resistance. From Figure 5 it may
be seen that this form of liquid surface lifetime distribu-
tion can give substantial negative deviations from the two-
film relationship of Equation (1), provided the ratio of
the two surface lifetimes is large. Any distribution giving
a comparable separation of lifetmes will produce similar
effects.

Table 1 presents a summary of the properties of the
various liquid surface lifetime distribution models con-
sidered in the foregoing discussion.

LOCAL VARIATION OF k¢’

In any real mass transfer situation it is probable that
there will be a distribution of ke¢* as well as a distribution
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TasLE 1. SurFace LiFeTiME DisTRIBUTION MODELS

No. Name

Characteristics Mathematical expression Kca/Kera

1 Higbie or David- Single kifetime ¥(8i) = 0, 8 = ¢ 1.00 to 1.05*

son No. 1 Y(6i) = 0, i< 6 [Equation (16)]
2 Danckwerts Random renewal Y(68:i) = s26; e—sel 1.00*

3 Block Equal probability of lifetimes per Y{(0:) = 1/6u, 0i = 0y 0.90 to 1.00%
unit interfacial area v(8i) = 0, 6: > 6y [Equation (18)]

4 Random length Equal probability of lifetimes per ex- Y(8:) = 26i/642, 0; = 6y 0.98 to 1.001
. posure v(6:) = 0,6 > 6, [Equation (23)]
5 Davidson No. 2 Random angles of surface inclination See reference 5 (1.00 to 1.05)*

=]

Davidson No. 3

per exposure
7 Two lifetime

lifetimes

8 Szekely

newal in phase 2

* ke constant.
t 8¢ = 1.0 and uniform average ke® per exposure interval.

of kv” from one region to another. If high values of k¢*
tend to coincide with high values of ki*, the effect will be
compensating; the limit would come when the ke¢* distri-
bution coincided exactly with the k.* distribution in such
a way as to make Hk¢"/ki* a constant ratio. In such an
event Equation (1) is obeyed exactly if 8 = 1. On the
other hand if there is a tendency for low values of k¢* to
coincide with high values of kL” and vice versa, then it
can easily be shown that negative deviations from Equa-
tion (1) will be accentuated.

EXPERIMENTAL STUDIES OF MASS TRANSFER EQUIPMENT

Stirred Flask Absorption

Goodgame and Sherwood (7) have examined the vapor-
ization of water into air and the absorption of carbon
dioxide, ammonia, and acetone from air into water in a
stirred flask. The results agree within = 3% with the
predictions of Equation (1). It may be inferred that in a
stirred flask the distribution of surface lifetimes does not
give a sufficiently wide distribution of values of Hk*ca/
k*ra from region to region to cause marked deviations from
Equation (1). In addition it should be noted that the
arrangement of the paddles in the apparatus employed by
Goodgame and Sherwood was such as to present a situa-
tion of concurrent flow, which should give close agreement
with Equation (1) during a given surface exposure.

Packed Towers

It is well known that kca values derived from gas phase
controlled absorption data by means of Equation (1) tend
to be lower than the kca values measured for vaporization
processes in packed towers. For example Yoshida and
Koyanagi (20) find that Kea values for methanol absorp-
tion, corrected for diffusivity, are 40 to 80% of the Kca
values for water vaporization in beds of 15 and 25 mm.
rings, despite the fact that Equation (1) indicates that
methanol absorption should be entirely gas phase con-
trolled. Shulman et al. (17) have found Kaa for methanol
absorption on 0.5- and 1.0-in. rings to be 55 to 85% of
the Kea values for water vaporization. Results such as
these have led to the concept of an effective area for ab-
sorption which is less than the effective area for vaporiza-
tion.

These discrepancies are predicted by a binodal liquid
surface lifetime distribution model that provides a suffi-
ciently wide spread of lifetimes. It is probable that a wide
lifetime distribution exists in a packed tower in view of
the fact that the local liquid flow rate per unit wetted
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See text
See reference 5 (0.98 to 1.02)*

See text
Y(6i) = o0, 6i = 61, 62 f to 1.00+

v(6:) = 0, 6; % 61, 62

[Equation (28)
y(01)/p(62) = /(1 —f)

and Figure 5]
0.96 to 1.01
[Equation (20}]

perimeter varies markedly from one point to another on
a single piece or a group of pieces of packing, and surface
lifetimes will change as this flow rate changes. The fre-
quency factor  giving the fraction of the total surface
area engaged in reaching a lifetime 6 may be binodal
without necessitating a binodal form for either the distri-
bution of exposures reaching a lifetime 6;, the distribution
of surface area with an age ti, or the bulk residence time
distribution. This point follows from the relatively high
weight accorded by the frequency factor y to longer times
and to surfaces covering areas of lower flow rates. It seems
reasonable to attribute the less active surface for mass
transfer to regions of thin films and relatively low liquid
flow per unit wetted perimeter than to attribute it to
stagnant pockets or pools of liquid, since apparently this
less active surface must contribute as much as half of the
tota] interfacial area between gas and liquid.

An interesting feature of the consideration of the dis-
tribution of liquid surface lifetimes is the prognosis that
the effective area for a mass transfer process, as employed
by Shulman, Yoshida, and others, should change as R
changes, even at fixed flow conditions (see Figure 5 for
example). Thus there should be a uniform trend of Kea
with respect to the solubility of the solute under considera-
tion.

It is unfortunate that none of the wealth of packed
tower data are suitable for testing this prediction. The
studies of Yoshida and Koyanagi (20) and of Shulman et
al. (17) give quantitative information on the difference
between Kga for vaporization and Kca for methanol ab-
sorption but consider the absorption of only one solute.
Houston and Walker (8) report data for the absorption
of methanol, ethanol, ammonia, and acetone from a dilute
air stream into water, but there is sufficient scatter and
uncertainty in corrections for diffusivity and estimation of
liquid-phase resistance to prevent any conclusion regard-
ing the effect of solubility upon Kea at given flow con-
ditions.

Future experimentation to examine the addition of re-
sistances problem in packed towers could follow several
lines. The effect of solubility can best be examined by ex-
tensive measurements of the rates of absorption of several
highly soluble gases from a dilute air stream into water at
fixed flow conditions. Data for vaporization and the de-
sorption of a highly insoluble gas should also be obtained
in the same apparatus. The pertinent diffusivities should
be well established independently. From the results a
uniform trend of Kea with respect to changes in the solu-
bility of the solute could be confirmed or denied, and
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parameters in the two-lifetime model or any other model
could be ascertained. The interfacial area considered in
the analysis of the effect of surface lifetime distribution
is the total interfacial area, which should remain constant
at fixed flow conditions with dilute phases. Since this area
is constant, there is no need to separate it from the ob-
served values of Kea in order to detect trends in K¢ with
respect to solubility. It may also be possible to approach
the liquid surface lifetime distribution by making measure-
ments of bulk residence times and applying the theory of
falling laminar or turbulent films. Measurements would be
made for a single layer of packing or for a very few layers,
in which case it would be necessary to extrapolate the
data toward a single layer. The measurements of the tail
of the residence time curve would bear great importance,
since a thin, slow-moving film contributes much area but
little fluid volume.

Plate Towers

It is apparent that the mass transfer process upon in-
dividual plates of a staged distillation or absorption tower
again presents a situation where k¢* and kr* can be ex-
pected to vary from one location to another. In a recent
American Institute of Chemical Engineers plate efficiency
project gas-phase data were taken with both vaporization
and ammonia absorption systems (16, 19). The kea (or
Nc¢) values obtained from the ammonia absorption data
through the use of Equation (1) were markedly lower
than the values obtained from vaporization studies. In one
case the discrepancy was reported to be about 40% (19).
Here again the phenomenon can be explained qualitatively
in terms of the variation of the group Hke"/kr* from one
region to another, but a more quantitative understandng
must await detailed experimentation of the type suggested
for packed towers.

CONCLUSIONS

1. The two-film equation for the addition of individual
phase resistances measured in the absence or suppression
of resistance in the other phase is subject to several strin-
gent conditions. Among these are the requirements that
the mass transfer coefficient for any one phase not be
dependent upon the relative magnitude of the resistance
in the second phase, and the ratio Hke'/ki” be invariant
from point to point along the interfacial area of phase con-
tact.

2. These two conditions are rarely met in common mass
transfer geometries. For example in the case of a constant
ke in contact with a penetration model of the liquid phase
both conditions are violated, but the effects compensate
so as to produce agreement with Equation (1) to within
5%.

3. In equipment which furnishes a wide distribution of
liquid surface lifetimes and hence a wide variation in local
values of ki the deviation from the two-film addition of
resistances equation is likely to be particularly severe. This
concept is capable of resolving the observed discrepancies
in kea values calculated from vaporization and from ab-
sorption data in packed and plate columns.

4. Consideration of surface lifetime distribution effects
in equipment such as packed towers suggests a continu-
ous change in effective area as the solubility of the solute
under consideration changes, even at fixed flow conditions.
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NOTATION

a = gas-liquid interfacial area per unit volume of
equipment, sq. ft./cu. ft.

C = concentration of solute in liquid phase, Ib.-moles/
cu. ft.

D = diffusivity of solute in liquid phase, sq. ft./hr.

f = fraction of liquid surface engaged in reaching the
shorter lifetme in two-lifetime model

ke = individual gas phase mass transfer coefficient,
1b.-mole/ (hr.) (sq. ft./atm.)

ki = individual liquid phase mass transfer coefficient,
ft./hr.

Kec = overall gas phase mass transfer coefficient, ib.-

mole/ (hr.) (sq. ft./atm.)

local rate of mass transfer, 1b.-mole/ (hr.) (sq. ft.)

number of individual gas phase transfer units

partial pressure of solute, atm.

total pressure, atm.

ratio of individual phase coefficients measured

independently = Hka"/ki”

time, age of surface, hr.

electrical potential, volts

distance into liquid normal to interface, ft.

Kca/Kcra

surface lifetime, hr.

ratio of average ki’ for two regions in two-life-

time model = (82/61)/2

W (6:)d#; = fraction of liquid surface engaged in reaching
a lifetime between §; and 6: + dé:

I

o

mNS 22
a'e
I

I

> D O <°"

[ A A (|

Subscripts

EG = in equilibrium with bulk gas

EL = in equilibrium with bulk liquid

F = predicted by two-film model, Equation (1). See
text preceding Equation (11)

G = in bulk gas phase

i = at interface; value within a set

L = in bulk liquid phase

u = upper limit

o = initial value

1,2 = regions of interface

Superscripts

’

== local, at a point of interface
= measured in the absence or suppression of re-
sistance in the other phase

2
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Statistical Surface Thermodynamics
of Simple Liquid Mixtures

C. A. ECKERT

Cryogenic Engineering Laboratory, Boulder, Colorado

J. M. PRAUSNITZ

University of California, Berkeley, California

The surface properties of nonpolar liquid mixtures are derived from the application of the
grand partition function to a cell model of the vapor-liquid interface. The surface tension and
surface composition are expressed in terms of the activity coefficients in the bulk liquid ond
pure-component properties. The results are in excellent agreement with existing data for the
surface tension of mixtures. This treatment provides a sound theoretical basis for the prediction
of surface properties of other liquid systems and is especially applicable to cryogenic mixtures,

The surface tension of a liquid or liquid solution is a
direct consequence of the molecular structure of the lig-
uid phase and of the intermolecular forces operating
within that phase; therefore better understanding of the
surface tension is of physicochemical interest. In addition
a better understanding of the surface properties of liquid
mixtures also has engineering application; for example
studies of vapor-liquid mass transfer in distillation col-
umns (13, 14, 33) showed that the rate depends on
whether the transfer tended to increase or decrease the
surface tension of the liquid phase. Also it has been shown
(30) that in extraction operations the presence or absence
of interfacial turbulence is very much influenced by the
variation of surface tension with composition. Finally the
role of surface tension in heat transfer by nucleate boil-
ing is now being recognized (19).

Although the treatment to be discussed is general, it is
especially applicable to one class of mixtures, liquefied
gases at low temperature. Surface tension data are avail-
able for most pure cryogenic fluids, but such data for
cryogenic mixtures are very scarce. Since the possible
number of mixtures is very large and since experimental
measurements at low temperature are difficult to perform,
it is of interest to develop a technique for calculating the
surface properties of mixtures from more readily available
thermodynamic data. Such a technique is provided
through the methods of statistical mechanics. This work
considers the application of molecular and statistical me-
chanical concepts to the derivation of a theoretical equa-
tion which relates the surface tension and the surface com-
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position of a mixture to the surface energy of the pure
components and to the excess free energy of the bulk solu-
tion. The final result is quite simple to use and gives ex-
excellent agreement between calculated and experimental
surface properties. '

The thermodynamic treatment of a surface liquid solu-
tion is considerably more difficult than that of a bulk lig-
uid solution. Although the composition of the bulk solu-
tion is a known, independent variable, the composition of
the surface is an unknown, dependent variable; as a result
of preferential adsorption the mole fractions of the various
components at the surface are quite different from those
of the bulk. Therefore any attempt to calculate the surface
tension of a mixture must be coupled with a calculation of
the surface composition.

Previous attempts to apply statistical mechanics to the
calculation of surface tensions of mixtures are due pri-
marily to Guggenheim (15) and to Prigogine (11, 12).
Guggenheim uses the lattice model for the liquid state,
which necessitates some more or less arbitrary assump-’
tions on the geometry of the liquid structure and which,
when applied to mixtures, is valid only for components of
very nearly the same size and shape. Prigogine approaches
the calculation of the equilibrium surface tension of a
mixture as a perturbation on the dynamic surface tension
using a smoothed potential model; his technique is applic-
able only for mixtures which are very nearly ideal and
requires the arbitrary choice of a reference substance,
which can seriously affect the results. In the present work
no lattice model is used, and the equilibrium surface ten-
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